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Additive preservers on Banach algebras

By BOJAN KUZMA (Ljubljana)

Abstract. It is shown that an additive, surjective mapping ® : soc(A) —
soc(A), preserving rank-one idempotents and their linear spans in both directions,
is a real-linear Jordan isomorphism provided that A is a semiprime Banach algebra
with no nonzero central elements in its socle.

0. Introduction

The problem of determining all linear maps on a given algebra, preserv-
ing certain algebraic properties, was first considered long ago. Historically,
the authors focused their attention on matrix algebras M, (F); recently,
however, there seems to be an increasing interest in the investigation of
more general algebras, especially Z(X), i.e., the algebra of bounded linear
operators on a Banach space. As a sample result we mention that a surjec-
tive mapping ® : B(X) — AB(X), preserving the spectrum, takes just two
forms: Either ®(z) = a!za or else ®(z) = ¢ 'z*c; here, a € #B(X), and
c € B(X,X*), respectively (cf. [5, Thm. 2.5] and references therein). We
remark that both forms satisfy the equation ®(z?) = ®(z)?; such mappings
are called Jordan homomorphisms.
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Some of the techniques used to attack a given “preserver problem”
are collected in a survey article [5]: Often, one finds that it also preserves
rank-one elements of some special kind. After this is established, one
“looks at a database of rank-one preservers”, which usually consists of
just a few entries, and then tries to generalize to the whole algebra. It
is of course natural to try to relax the assumptions on a preserver ® to
as few as possible. This was done, say, in [11] where the authors showed
that a surjective, additive mapping ®, defined on the ideal .Z (X) of finite-
rank operators in #(X), and preserving rank-one idempotents and their
linear spans, is real-linear Jordan isomorphism, provided that dim X = oo
(however, cf. also [9]).

As it was indicated in [13], [3], [4], the concept of rank can be extended
to the socle of semiprime algebras. This enables us to extend the result
of [11] to the additive mappings, defined on a socle of any semiprime
Banach algebra A. First, we demonstrate that such algebra splits if it
has a nonzero central element in its socle. Later, this result is used to
show that an additive mapping ® : soc(A) — soc(A), preserving rank-one
idempotents and their linear spans in both directions is a real-linear Jordan
isomorphism if soc(A) N Z(A) = 0. An example is provided showing that
the results are no longer true if ® preserves such idempotents only in one
direction. We remark that the techniques used, and the results, could
easily be extended to the case ® : soc(A) — soc(B).

1. Preliminaries

Unless explicitly otherwise stated, A will denote a (possibly nonunital)
semiprime Banach algebra (i.e., a € A\{0} implies a.Aa # 0) over the field
of complex numbers. Its socle, soc(A), is the sum of the minimal left ideals;
equivalently, it is an ideal of A, generated by the set of all the minimal
idempotents (an idempotent p # 0 is minimal if pAp = Cp). It is known
(cf. [13]) that the relation e ~ f <= eAf # 0 is an equivalence in this set;
the corresponding quotient set of all equivalence classes will be denoted
by 2 = Z(A). As usual, the central elements are denoted by Z = Z(A),
and the spectrum of an element a € A by o 4(a) (shortly: o(a) if algebra
is known). We note that in nonunital algebras, o(a) := o 4(a), where A is
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the unitization of A. Moreover, the fact that algebras (vector spaces, .. .)
X, )Y are isomorphic will be denoted by X ~ ).

Suppose that A4 := Z(X) is the algebra of bounded operators on a
Banach space X. The common way to introduce the rank of a € A is
rank(a) := dim(Ima). As already mentioned in the Introduction, this
concept was recently extended in various equivalent ways to elements of
semisimple, unital Banach algebras. Since our interest will also include
semiprime Banach algebras, the definition working best for our purposes
seems to be the following: For a € A we say that rank(a) = n, if a is in
the sum of n minimal left ideals, and is not in the sum of n» — 1 minimal
left ideals. We define rank(0) := 0, and put rank(a) = oo if a ¢ soc(A).
Note that each minimal left ideal equals Ae for some minimal idempotent
e cf. [12]). It is known that when A is a semiprime algebra, the unitization

—

of the closure of its socle, B := soc(.A) is a semisimple (unital) algebra,
(cf. [12, Prop. 4.4.4.(b), Prop. 8.7.3]). We may consequently consider the
rank of a relative to algebra B; it turns out that it equals rank(a). This and
some other immediate observations regarding the rank are listed below.

—

Lemma 1.1. Suppose B := soc(.A) and a € soc(A). Then the follow-
ing hold:

i. dimaAda < oo. Moreover, if dimxAx < oo for some x € A then
x € soc(A).

ii. rankpg(a) = rank 4(a).

iii. rank(a) = sup,c 4 #(0(za)\{0}).

iv. If A= %(X) then rank(a) = dim(Ima).

v. There exist only finitely many primitive ideals Py, . .., P, not contain-
ing a. If, moreover, m; : A — Z(X;) are the corresponding irreducible
representations on Banach spaces X;, then rank(a) = Y rank(m;(a)).

vi. rank(a) = 1 iff there is only one primitive ideal avoiding a, and 7w(a) is a
rank-one operator. Moreover, p is a minimal idempotent iff rank(p) =
1 and p* = p.

vii. Ifb € soc(A) and aAb = 0 = bAa, then rank(a+b) = rank(a)+rank(b).

SKETCH OF THE PROOF. (i) This is known (cf. [1, Thm. 7.2]).
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(ii) Suppose a € Aej + --- + Ae,, where ey, ..., e, are minimal idem-
potents. Then we have a € Y Ae; = Y (Aej)e; C Y soc(A)e; C
> Be; C Y Ae;, and hence the result follows.

(iii) Using that soc(B) 3 za is von Neumann regular (cf. [3, Cor. 2.10]),
and that og(za) = oc4(za) (cf. [2, Cor. 3.2.14]), this can be deduced
from the previous item by one of the equivalent definitions of the rank
on semisimple, unital algebra B (cf. [3], [4]).

(v) By [2, Thm. 4.2.1.(iii)], we have o(za) = |J, o(7(za)), where  runs
over irreducible representations of 4. The extended Jacobson density
theorem (cf. [6, p. 283]) combined with the previous two items give us
the result (cf. also [4]).

The rest is straightforward. O

We continue by repeating briefly some basic definitions: An additive
operator A : X — ) between complex vector spaces X, )V will be called an
h-quasilinear operator if there exists a ring homomorphism (additive and
multiplicative function) h : C — C such that A(Ax) = h(\)Ax for every
(Ax)eCxX.

An additive mapping ® : A — C between algebras A, C is said to
decrease rank-one if rank(®(a)) < 1 whenever rank(a) = 1. It is said to
preserve minimal (= rank-one; cf. Lemma 1.1.vi) idempotents if ®(p) is
a minimal idempotent whenever p is a minimal idempotent. And finally,
O preserves linear spans (of rank-one elements/of minimal idempotents) if
®(Ca) C C®(a) for all (rank-one/minimal idempotent) a € A.

Finally, we state four results that will be used later. To begin with,
suppose that X is a Banach space with a dual X*. In the paper [9], a
series of lemmas was proved concerning the attributes of additive mappings
® : soc(B(X)) — soc(#B(X)), decreasing operators of rank-one. The
main tool in investigation was the fact that soc(#(X)) = X ® X*. The
arguments, and conclusions, however, are valid in a more general setting of
P: XRG — Y®T where G and ¥ are arbitrary, at least two-dimensional,
subspaces of X* (respectively, V*). Before stating the result, we emphasize
that the inclusion X ® & C #(X) enables us to define the rank of a tensor,
as the dimension of the image of the corresponding operator. The proof
of the theorem below can be found in [9] (cf. also [7]).
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Theorem 1.2. Suppose ® : X @ 6 — Y ® ¥ is an additive mapping,
decreasing rank-one. Then, ® takes one of the following forms:

i o(x® f) = Ax ® Cf for some h-quasilinear operators A : X — Y,
C.:6-%,
ii. p(x® f) = Cf ® Ax for some h-quasilinear operators A : X — %,
Cc:.:6—-Y,
iii. ¢(x®f) =Ax® f)®go for some go € T and additiveA : ¥ @6 — ),
or
iv. P(x® f) =x0Q€(x® f) for some xg € Y and additive € : ¥ RG — ¥.

Still more, if dim(lin(Im ®)) > 2 and ® preserves linear spans of rank-one
operators, then ® is h-quasilinear even in cases (iii) and (iv).

The last three claims of this section are of crucial importance for our
subsequent work, and we give a complete proof. Their main strength is that
they will enable us to use the powerful technique of tensors in investigating
additive preservers on socle of a semiprime algebra. We emphasize that in
any Banach algebra A, the sets Ae and eA are Banach spaces whenever
e € A is an idempotent.

Lemma 1.3. Suppose e € E(A). If 7 : A — ZAB(X) is an irreducible
representation with w(e) # 0, then its restriction, m. := 7| ge.4 Is an algebra
isomorphism of AeA onto a subalgebra X ® & < soc (%(X)), where G is
a w* dense subspace of X*. Given any set of n + 1 linearly independent
vectors x;,y € X; (i = 1,...,n), there exists f € & with (x;, f) = 0 #
(v, f)-

Moreover, m, : Ae A — ZB(X) is also an irreducible representation.

ProOOF. By a well-known result of Johnson, 7 is continuous. Since
AeA is topologically simple (cf. [12, Prop. 8.7.3]), one has Ker 7N Ae A= 0;
thus 7. is one-to-one. As 0<rank(rm(e))<rank(e)=1, we have 7(e) =
Xe @ fe with (xc, fo) = 1. But 7(A) acts densely on X, implying that
m(Ae) = X ® {fe}. Thus, m induces a vector space isomorphism between
Ae and X. On the other hand, it follows from

m(ed) = {x. @T"fo; T € m(A)}

that 7 induces a one-to-one vector space homomorphism of eA onto a
vector subspace & < X*. This readily implies that 7, : Aed ~ X ® &.
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Since 7(A) acts densely on X, we have 7(AeA)Y = X whenever 0 #
Y < X. Thus, 7 is irreducible, and & ~ m(e.A) separates the given vectors
x;,y € & by annihilating all x;. To show that & is a w* dense subspace
of X*, we form
N = ﬂ Ker f.
fes
It is obvious that N is a proper, closed subspace of X, invariant for

w(AeA), since m(AeA)N = 0. Thus, N' = 0 by the irreducibility of .
Now suppose g € X *\@w* By virtue of the theorem on separation of
convex sets we can find a w*-continuous functional F' with (g, F') = 1 and
(6,F) = 0. Since F' is w*-continuous, it equals some Fx € k(X) < A™**,
where k : X — X** is the natural embedding. Then, however, (x, &) =0,
implying that x € N = 0, which is a contradiction with the fact that

1= (g, F) = (x,.9). 0

Corollary 1.4. The mappings 7. compose an algebra isomorphism

7 :soc(A) ~ @ X, ® 6., (1)

ec=

where 1 = @,z 7, and where each &, is a w* dense subspace of X.
Furthermore, under this isomorphism, a € soc(A) has rank-one iff its image
is contained in X, ® &, and equals some x ® f € X, @ S, \ {0}.

PRrROOF. In view of Lemma 1.3 and Lemma 1.1.vi, it suffices to show

that soc(A) = @,z AeA. We know that, by definition, soc(A)= ) AeA,
ecP
where P is the set of all minimal idempotents. Hence, all we have to see

is that e ~ ¢ iff AeA = AgA; once this is established it implies that
soc(A) = > .z AeA and the sum is direct since each AeA ~ X, ® G, is a
simple algebra.

If AgA = AeA, then q = ¢ € AgA = AeA ~ X, ® S.. Obviously,
this is a prime algebra so we have 0 # g(AeA)e = ¢ A(Ce) = gAe; hence
e ~ ¢q. Conversely, if g Ae # 0, then

0 # ¢>Ae® C (AgA) - (AeA).

Since AeA, as well as AqA, are simple algebras it follows that AgA = AeA,
as claimed. O
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Corollary 1.5. Suppose z € AeA. Then z = 0 iff gzq = 0 for every
minimal idempotent q € AeA.

PRrROOF. Let m be an irreducible representation from Lemma 1.3; in
view of its proof, 7| AeA is one-to-one. Now, if m(z) = T € B(X,) is
nonzero, then there exists an x with 7'x # 0, and as 7(AeA) acts densely,
there exists an f € &, with (T'x, f) # 0 and (x, f) = 1. Hence, if ¢ € AeA
satisfies m(¢) = x ® f, then ¢ is a minimal idempotent with gzg #0. O

2. Central elements in the socle

In this section, which may be of independent interest, a characteriza-
tion of the existence of nonzero central elements in the socle of semiprime
algebras is given. Consequently, it is shown that such algebras split.

Lemma 2.1. Let A be a semiprime Banach algebra and a € A. Then
the following are equivalent.

i. dim Aa < oo.
il. dimaA < co.

iii. There exists a central idempotent p € soc A and an ideal Ay in A,
such that A = Ay ® pAp and a € pAp.

PROOF. Obviously, (iii) implies (i) and (ii) since, by Lemma 1.1.i,
dim pAp < co. Hence we are done once the validity of (i) = (iii) and of
(ii) = (iii) is checked. We proceed with the former only. So suppose that
Aa = lin{za,...,zya}. Then obviously dima.da < dim.Aa and thus, by
Lemma 1.1, a € soc(A). The same lemma implies that there are only
finitely many primitive ideals P,..., P, avoiding a; let m; : A — Z(X})
be the corresponding irreducible representations on Banach spaces &;. We
take a closer look at P; for a moment: Asr := rank(m(a)) < rank(a) < oo,
we have:

mle)=x1@ fi+ - +%x & fr,

where (Xj)l <jer 8 well as ( fj)1 <j<r AT€ linearly independent. Conse-

quently, there exists z € (), Ker f;\ Ker fi. The density theorem gives
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mi(Aa)z = Xy, and as dim(7(Aa)) < dim(Aa) < co we have that X; is
finite-dimensional.

Similarly, we proceed with P, ..., P,. Consequently, the representa-
tion m :=m & --- @ 7, maps A into the algebra M := My, & --- & My,
where each My, is the full matrix algebra on the finite-dimensional space
X;. Next, as each restriction ;| 44.4 is also irreducible, the extended Jacob-
son density theorem shows us that the representation | 444 : AaAd — M is
surjective. Thus there exists an element p = Ele x;ay; € AaA < soc(A),
with w(p) =1 € M.

To prove that this p is the one we are after, we first note that p
belongs to every primitive ideal P ¢ {Pi,..., P,}, since this is true for a.
Moreover, 7(p? —p) = 0 and thus p? —p € soc(A)NRad(A) = 0. Similarly,
for arbitrary x € A one has px — zp € soc(A) N Rad(A) = 0. This
implies that p € soc(A) is a central idempotent. Same arguments give
pa — a € soc(A) NRad(A) = 0, consequently, a € pAp. Therefore, AaA C
ApAp A = pA3p C pAp. Finally, by letting A; := Kerr =P N---NP,
and recalling that 7,4, is surjective (since 7| 444 is also surjective), it is
easy to check that A = A; & pAp. O

Remark 2.2. Actually, dim aA = dim Aa. This is an immediate con-
sequence of the fact that pAp ~ My, & --- & My, and, if A = M,,, then
dim Aa = dim(Aa)? = dim a'A where ¢ denotes the transpose. Since a’
equivalent to a (think of Jordan forms!), we have dim a’A = dim a.A.

is

Lemma 2.3. If z € soc(A)NZ(A), then there exists a central idempo-
tent p of the same rank as z, and an ideal Ay in A, such that A = A1 ®pAp
and z € pAp.

PrOOF. We proceed as before: If Pp,..., P, are all primitive ideals
avoiding z, then m;(z) € HB(X;) is a finite-rank operator that commutes
with 7;(A). By Schurr’s lemma, 7;(z) = A; Idx, for some A\; € C\{0} and
hence, dim &X; < co. As before, 7 :=m @ - d7mp: A — B(X) DD
PB(X,,) is surjective. Pick a polynomial P € C[X] with P()\;) = 1/\;
and let p := 2z P(z). Then, n(p) = Idy, ®--- @ Id,,, and by Lemma 1.1.v,
rankp = ) rank(Idy,) = > rank();Idy,) = rank z. Obviously m;|p4, are
still irreducible, so arguments from Lemma 2.1 finish the proof. (I
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The above two lemmas combined give us the following theorem:

Theorem 2.4. A semiprime, Banach algebra A has a nonzero central
element z of finite-rank iff dim Aa < oo for some nonzero a € A. In this
case, there exists an idempotent p € soc(A)NZ(A) with pzp = z and such
that A = A; @ pAp. Moreover, dim(pAp) < oo.

The last result of the present section was inspired by [10, Prop. 1.1].

Corollary 2.5. a € A is a rank-one central element iff dim Aa = 1.
Then, A~ Ay & C.

ProOF. If dim(Aa) = 1, then Aa = C(zpa) and thus a € soc A with
rank(a) = 1, by (i) and (iii) of Lemma 1.1. Hence, we have only one
primitive ideal P not containing a, and, from the proof of Lemma 2.1, it
is immediate that the corresponding Banach space X is one-dimensional.
Thus, a = Ap with p being a central, minimal idempotent and A = A; &
Ca ~ A; @ C. The other implication is a consequence of Lemma 2.3. [

3. Additive preservers

In the final section, additive mappings decreasing rank-one, and later,
preserving rank-one idempotents will be characterized. Such mappings are
slightly less well-behaved in finite-dimensional algebras than in the infinite
ones — namely, in the former ones, they can well be discontinuous. For a
typical example one could consider the discontinuous ring automorphism
h: C — C and let ®((ai;)) := (h(ai;)) where (a;;) € M,(C). In this
particular example, ¢ also preserves elements of trace one, so it preserves
rank-one idempotents (and their linear spans), as well. The results from
the previous section, combined with the Theorem 3.4, will show that such
anomalies cannot occur if soc(A) N Z(A) = 0 (equivalently, if A has no
finite-dimensional direct summands).

The following notation will be used from now on: If A: X — Y is a
continuous, conjugate-linear operator, then we denote by A’ : Y* — X* the
mapping sending g to (A'g) : x — (Ax, g). In this way A’ is distinguished
from the ordinary adjoint B* of a linear operator B.
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Theorem 3.1. Suppose ® : soc(A) — soc(A) is an additive mapping,
decreasing rank-one. Then, for each e € = there exists a ¢ € = such that
one of the following holds for xzey € AeA:

i. ®(zey) = Ac(ze)-Ce(ey) for some h.-quasilinear operators A, : Ae —

Aq and C, : eA — ¢A,

ii. ®(zey) = Ce(ey) - Ac(xe) for some h.-quasilinear operators Cp : e A —

Aq and A, : Ae — A,

iii. ®(AeAd) C Aq, for some minimal idempotent ¢’ with Aq' A = AqA,
or

iv. ®(AeA) C ¢’ A for some minimal idempotent ¢" with Aq' A = AqA.

Furthermore, if in the last two possibilities ® preserves linear spans of

rank-one elements and dim(lin @(Ae.A)) > 2, then the restriction, ®|4c4

is also he-quasilinear for some ring homomorphism h, : C — C.

Remark 3.2. We may, conversely, have given h.-quasilinear A, : Ae —
Aq and C, : eA — qA. By Lemma 1.3, 7 : Ae A ~ X, ® &, with m.(Ae) =
Xe@{fe}, and me(eA) = {x.}®6,, and (x., fe) = 1. Let i, : X® fe — X, be
the natural isomorphism, and A, := iq(mqla,)Ae(mea, ) tigt « X — Ay
similarly for C. - &, — S,. It is plian, therefore, that the mapping
7rq*1(1218 ® C’e)we s AeA — AqA is well defined, and maps zey = ze - ey to
Ac(ze) - Ce(ey).

We will not distinguish between the two sides of equation (1) in the
sequel.

PROOF of Theorem 3.1. By Theorem 1.2, it is enough to prove that
®(AeA) is entirely contained in some Ag.A, where g € =.

Since @ is additive we only have to check this for elementary tensors.
So, suppose that x® f, y® g € AeA are two nonzero tensors, and suppose
moreover that 0 # ®(x® f). As ® decreases rank-one we have (x® f) €
AgA for some ¢ € =. Now, (x +y)® f is of rank at most one and the
same must be true for its ®-image; it is therefore necessarily the case
that ®(y ® f) = 0, or else ®(y @ f) € AgA as well. If &(y ® f) is
nonzero, we may repeat the arguments with y ® (f + ¢) to see what we
are after: ®(y ® g) € AgA. One proceeds similarly when ®(y @ f) = 0
but ®(x ® g) # 0. Finally, if both are zero then the result is obtained by
considering the rank-one tensor (x +y) ® (f + g). O



Additive preservers on Banach algebras 89

Lemma 3.3. Suppose ® : soc(A) — soc(A) is an additive mapping,
preserving idempotents of rank-one, and their linear spans. Then ® de-
creases rank-one, and maps nilpotents of rank at most one to themselves.

PROOF. It follows from the fact that ®(Cp) € C ®(p) that ® decreases
rank-one nonnilpotents. If, on the other hand, n = x® f € AeA is a
rank-one nilpotent then n = p; — ps where p;1 = y ® f € AeA, and
p2e = (y —x)® f € AeA are idempotents of rank-one. By assumption,
we have ®(p;) = z; ® g; € Ag;A; (i = 1,2) where ¢; € E and (z;,g;) = 1.
Now, as %(pl + p2) is a rank-one idempotent, the same must be true of
its ®-image %(zl ® g1+ 22 ® g2) € ApnA B AgA. Thus, ¢1 = ¢o, and
either z;,z9 are linearly dependent, or else g1, ge are. In either case, by
absorbing the appropriate scalar in the other term of the tensor product,
we may assume that either z; = zs or else g1 = go. Hence, ®(n) is a
nilpotent of rank at most one, which proves the lemma. O

Theorem 3.1, combined with this lemma, now implies that, for each
e € Z, there exists a ¢ € Z with ®(AeA) C AqgA. This enables us to prove
the main theorem of this paper:

Theorem 3.4. Let A be a semiprime Banach algebra, and ®: soc(A)—
soc(A) a surjective, additive mapping, preserving idempotents of rank-one
and their linear spans. Suppose moreover, that ®(a) is a rank-one idem-
potent only if rank(a) = 1, and that soc(A) N Z(A) = 0. Then ® is a
real-linear Jordan isomorphism.

PROOF. Several steps are considered:

Step 1. Suppose that ®(a) = 0 for some nonzero a = a; @ ag, where
a; € AeA; (e € ), and where agAe = 0 = eAag. Since soc(A)NZ(A) =0,
Theorem 2.4 implies that Ae = X, @{f.} ~ X., as well as e A = {x.} &, ~
&., are infinite-dimensional. Therefore, we can find a minimal idempotent
p=x® f € AeAd = X, ® &, such that rank(p + a) = rank(a) + 1. This,
however, is a contradiction since then, ®(a + p) is a minimal idempotent
although a 4+ p has rank greater than one. Thus, ® is one-to-one, and
consequently, bijective.

Step 2. Lemma 3.3 implies that ® decreases rank-one. By Theo-
rem 3.1, for any e € Z one has ®(AeA) C AgA with ®(e) = ¢ =y, ® gq;
(¥q,94) = 1. We claim that ®(AeA) belongs neither to the left ideal Ag
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nor to ¢A. Assume to the contrary that ®(AeAd) C Ag = X; @ {g4}-
By Lemma 1.3, there would exist 0 # h € &, annihilating y,; clearly,
Ve ®h ¢ X, @ {gq} and y; ® (h + g4) is a minimal idempotent. Con-
sequently, by the surjectivity of ®, we could find some rank-one element
n € Ae'A; (¢ € E\{e}) with ®(n) = y, ® (h + g4). Then, however, the
element s := 2n — e is of rank at least two since eAn = 0 = nAe, and is
mapped by ® onto a minimal idempotent y, ® (2h + g4), a contradiction.
One proceeds similarly when ®(A4eA) C ¢A.

The above arguments, together with Theorem 3.1, imply that for x ®
f € AeA either

P(x®f)=Ax®@C.f orelse ?(x®f)=C.f® Ax (2)

for appropriate one-to-one he-quasilinear mappings A, C..

Step 3. As for (conjugate)linearity: Obviously, Ae and eA are infinite-
dimensional Banach spaces; hence so are their isomorphic images, X, ~ Ae
and &, ~ eA, in a topology, transferred to by the corresponding isomor-
phism (note, however, that this topology may differ from the standard
one, induced by inclusion &, C &XY). Moreover, &, : X, ® &, — &; ® G,
preserves rank-one idempotents and nilpotents. This, in turn, enables us
to use the arguments from [11, p. 252-253] by which the ring homomor-
phisms h,, making A, and C, he-quasilinear, must be continuous. Hence,
A, and C, are (conjugate)linear, and thus so is ..

Step 4. Let us demonstrate that both Im A, and Im C, contain a linear
subspace of codimension one for any e € =. We consider the instance
when @, is of the first form in equation (2) only; the proof of the second
form goes similarly. Now, recall that ®(e) = y, ® g, and pick arbitrary
z € Kerg,; then all elements (iz + y,) ® gq; (i = 0,3, 1) are rank-one
idempotents. By assumptions, there is a rank-one element a € A with
®(a) = (z+y4)®9gq. Then, (e+a)/2 is mapped into a rank-one idempotent
(z/2 4+ yq) ® gq, hence rank(e + a) = 1, and hence a € AeA. This shows
that z® g = ®(a—e) € Im &, = Im A, ® Im C¢; thus, Ker g, C Im A.. By
similar arguments, Ker Fy,, C Im C, where Fy_: h— (y,, h) is a functional
on &,.

Step 5. As dim X, = oo = dim &, Steps 3 and 4 imply that A, and C,
are surjective: If not, there would exist some nonzero y®g € AqA\P(AeA)
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with (y,g) = 1. As ® is surjective we could find an element (of rank-
onel) ' € AdA; (¢! € E\{e}) with ®(d') = y ® g. Hence, ®(Ae’A) C
AgA O ®(AeA), and there would exist nonzero z € Im A, N Im A, and
nonzero u € Im C, NIm Cy (resp., nonzero z € Im A, NIm Cs and nonzero
u € ImC,NIm A, if ./ takes the second form in equation (2)). This, in
turn would imply that some a = a. ® ae € (AeA\{0}) & (A’ A\{0}) is
mapped to zero, contrary to Step 1. Hence both A, and C¢ are bijections.

Step 6. Suppose P (x @ f) = Aex @ C.f, and let y := A.x. Since ®,
preserves idempotents and nilpotents of rank-one, we have

(ATly. f) = (x, f) = (Aex, Cef) = {y. Cef) o

<A51Ya f> = <AeY7 Cef>;

this, combined with the closed graph theorem, and the fact that the func-
tionals f € &, separate points in X, implies at once that A_! is continu-
ous. If @, is linear (and hence so are A, and C;), then C, = (A_')*|s, by
the first equality in (3). If, on the other hand, ®. is conjugate-linear, then,
from the second equality in (3), C, = (A;1)'|s,. In either case, it is imme-
diate that @, : (x ® f) — Ac(x ® f)A-L; hence, @, is a (conjugate)linear
isomorphism.

Finally, suppose ®.(x ® f) = C.f ® Acx. In resemblance to (3) we
have:

3)

(v, Aex) = (x,Cly) = (CTly, kx)  or (y, Acx) = (Coly, kx),
(xe X,y :=C.f € &y);

here, k : X — X** is a natural embedding, and C; 1 : X, — &, < X,
Again, using the closed graph theorem, it follows that A, and C. ! are
continuous and that A, = (C, 1)*k (respectively, A. = (C-!)'k). In either

case, Do : (xR f) = Co(fRKx)O, 1 = Co(x® f)*C. L is a (conjugate)linear
antiisomorphism. O

Remark 3.5. The above theorem can be viewed as a partial converse to
KAPLANSKY’s result [8]. Namely, the Main Theorem of [8], in conjunction
with the fact that soc(A)NZ(A) = 0, states that for any ring isomorphism
(additive and multiplicative mapping) ¥ : A — A, the semisimple Banach
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algebra A splits into two parts: A = A; @ Ag, and moreover, V| 4, is linear
and V|4, is conjugate-linear. Thus, if ¥ : A — A is a ring isomorphism,
it is real-linear and therefore preserves minimal idempotents and their
linear spans in both directions (recall that p is a minimal idempotent iff

pAp = Cp).

At the end, we show in the examples that various assumptions of the
Theorem 3.4 cannot be relaxed. The abbreviation R~ := (—o0,0) will be
useful.

Example 3.6. Let £? be a separable, infinite-dimensional Hilbert space,
and A be a semisimple Banach algebra with soc(A) = @, soc(B(¢?)) -
a direct sum of 2% identical copies of soc(%(¢?)) ~ (2 ® ¢%. (As for the
existence of A: take a completion of @), #(£?) in the norm [ja; & az ®
... || :==sup ||a;||). Obviously, soc(A)NZ(A) = 0. Now, pick a Hamel basis
(Xt)te]R of £2 and choose bijections g : R~ — R and h : [0,00) — R\{0}.
For fixed index i € R we agree that (Xt;z‘ ® xs;i) = (x¢ ®Xs); is an element
in the 4’th summand (£2 ® £2); C soc(.A). In this fashion, (Xt;i ® Xsii)s,t;z’
is a Hamel basis for soc(A). Next, for each i € R~ choose a bijection f; :
R2\{(0,0)} — {xx0; t € R\{g(i)}} C (£%)o, and let £;(0,0) := 0 € (£2)o.
Define

T Xy Q Xgyj

- (<Xt7Xs> - <Xg(i)7fi(t7 8)>
9(8):0 %402 II?

Xt:h(i) @ Xg;h(i) i>0

Xg(4);0 + fi(t, S)) 1 <0

7

thus, for ¢ > 0 fixed, 7 simply maps everything in ¢’th summand “identi-
cally” onto h(i)’th one, while for i < 0 fixed, everything in i’th summand
is mapped into a subset of rank-one elements ({x4(;)} ®€2)0 C (P20 C
soc(A). Moreover,

(Xt Xs30) = Tr(xy; ® Xg4) = Tr (W(Xt;i ® XS;i))' (4)

It is easy to see that 7 is a permutation between two Hamel bases of
soc(A). Consequently, the linear mapping

D : § As,t;i Xt Q Xgj E )\s,t;i 7r(Xt,i & Xs,i)

s,t;i s,t;e
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is a bijection; here, both sums are finite. Furthermore, if p is a minimal
idempotent it completely belongs to one and only summand, say p =
(Mix1si + -+ AaXnyg) @ (§X15 + -+ - + EnXnyi) € (2 ® £2);. Hence,

l=Trp="Tr Z At€s Xtyi @ Xy = Z As (Xt Xs3i)

t,s

= Z Aes Tr(Tr(Xt;i ® Xs;i)) = Tr(q)(p));

where the last but one equality follows by equation (4). Therefore,
Tr(®(p)) = 1, proving that ® preserves minimal idempotents.

This @ is a linear bijection, preserving minimal idempotents. However,
it is not Jordan: Indeed, let p, = z4 ® zo; (o = 1,2) be two idempotents
in ((2®(?)_1 with (p; —p2)? # 0. Then, ®(p; — p2) is a rank-one nilpotent
(both ®(p1) and ®(p2) are idempotents with the same image!) implying
that ®(p; — p2)? = 0. Hence, ® cannot be both Jordan and bijective.

Ezxample 3.7. Suppose that A is a Banach algebra of compact operators
on £ and that B is a Banach algebra of Hilbert-Schmidt operators on ¢2.
Then soc(A) = Z(£%) = soc(B), where .#(£?) is an ideal of finite-rank
operators. However, the identity mapping Id : soc(A) — soc(B) is not
continuous, although it preservers rank-one idempotents.

Hence, general Banach algebras are less well-behaved than Z(X),
where any additive mapping preserving idempotents of rank-one and their
linear spans is continuous (cf. [11, Main Thm.])
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