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Diophantine applications of Bennett’s abc theorem

By P. GARY WALSH (Ottawa)

This paper is dedicated to the memory of Professor Béla Brindza

Abstract. The purpose of this paper is to survey some Diophantine appli-
cations of a theorem of M. A. Bennett on systems of simultaneous Pell equations.

One of the more notable consequences concerns Schiffer’s equation 1% +2% 4. .. 4

¥ = y™, which was of great interest to Professor Brindza, as he proved some

astonishing results concerning the solvability of this equation.

1. Introduction

A topic of great interest to Professor Brindza concerns a conjecture
of Schéffer, which attempts to describe explicitly the set of integer solutions
to the equation 1% 4+ 2% + ... + zF = ¢y”. Seemingly unrelated to this
is a rather innocent theorem of M. A. Bennett. BENNETT [Bennett98]
proved several remarkable results concerning the solvability of systems
of simultaneous Pell equations, most notably being that any system of
simultaneous Pell equations of the form

?—ay =1, 22-by?=1,
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with a, b fixed positive integers, has at most three solutions in positive in-
tegers x, ¥, z. From the methods underlying this work, Bennett developed
the tools to prove a very powerful, yet innocent looking result for a certain
related type of system of simultaneous Pell equations. Before describing
this result, we digress back in time to a beautiful theorem of Wilhelm
Ljunggren.

In [Ljung42], LJUNGGREN proved that for any nonsquare positive in-
teger d, the quartic equation X* — dY? = 1 has at most two solutions
in positive integers X,Y. The argument Ljunggren gives uses an intri-
cate construction involving units in quartic number fields, together with
a remarkable application of Skolem’s p-adic method. A close look at this
proof shows that Ljunggren actually proved the following rather curious
result in order to arrive at his theorem. The interested reader is referred
to [Walsh00] for details of the proof.

Theorem 1.1. Let a and c denote positive integers, then there is at
most one triple of positive integers x,y, z with the property that ax?, y?,
cz? are (ascending) consecutive integers.

In the problem session of the Fifth Conference of the Canadian Num-
ber Theory Association, Herman J. J. te Riele posed the following problem:

When I became 49, I realized that this square is preceded by 3 times a
square and followed by 2 times a square. Are there more (nontrivial) such
squares?

Evidently, te Riele’s question is answered in the negative by the formu-
lation of Ljunggren’s theorem given above. Nevertheless, te Riele’s ques-
tion seemed to provide the impetus for further work along these lines, and
consequently BENNETT [Bennett99] proved the following generalization.

Theorem 1.2. Let a,b and c denote positive integers, then there is
at most one triple of positive integers x,y, z with the property that ax?,
by?, cz? are (ascending) consecutive integers.

This rather innocent looking statement provides the basis to improve
upon a considerable number of results in the literature. We will endeavour
to describe these applications in this article. Most of the applications we
present are actually consequences of Theorem 2.1, given below, which is
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a more refined statement than Theorem 1.2, and easily amenable to the
applications we shall discuss.

2. A generalization of a theorem of Cohn and Ljunggren
on X4 —-dy?=1

In [Cohn97], COHN refined Ljunggren’s theorem on the equation X* —
dY? = 1. In particular, he employed a clever manipulation of Jacobi sym-
bols evaluations to prove that for d > 0 squarefree, d # 1785, the quartic
equation X4 —dY? = 1 has at most one solution in positive integers X, Y,
and if a solution exists, then it must come from the minimal unit greater
than one in Z[v/d] of norm 1, or its square.

Using Theorem 1.2, the following result was proved in [BenWal99]. We
first require some notation. For a nonsquare positive integer d, we denote
by €g = T + U+/d the minimal unit greater than one in Z[v/d] of norm 1,
and for k > 0 we set Tj, + Upvd = efl. For a positive integer b, we define
the rank of apparition, B(b), of b in {Tx} to be the minimal index k for
which b divides T}, with the convention that 3(b) = oo if no such index k
exists.

Theorem 2.1. Let b > 1 and d > 1 denote squarefree positive inte-
gers. If Ty = bx® for some integer x, then k = (3(b). Consequently, the
Diophantine equation

P’Xt—dy? =1

has at most one solution in positive integers X, Y, and such a solution can
be given explicitly in terms of €.

One can immediately see the usefulness of this result by considering
small values of b. Cohn’s theorem states that if 7}, = X? for some integer
X, then k =1 or k=2. For b € {2,3,5,6}, it is not difficult to see that
Theorem 2.1 implies that the equation T}, = bX? implies k¥ = 1. In fact,
pursuing this a little further one can deduce the following.

Corollary 2.1. Let b = 273%5!7%11Y for some integers r,s,t,u,v €
{0,1}, not all zero. Then any solution of Ty = bX? with X € Z implies
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k =1, unless
(i) b=7, in which case k = 1 or k = 2 (but not both)
(ii) (b,d) = (11,2), in which case Ty = 11 - 32
(iii) (b,d) = (55,1139), in which case Ty = 55 - 423,
Furthermore, given any squarefree positive integer b > 1 there is an ef-

fective computable constant C = C(b), depending only on b, such that
ifd > C and T}, = bX? for some X € Z, then k =1 or k = 2.

Before proceeding to the next section, we discuss another immediate
application of Theorem 2.1 in connection to integer points on a family of
hyperelliptic curves determined by Tschebyscheff polynomials.

For n > 1, define a sequence of polynomials

P(x) = T2l

T
where T, (z) is the m-th Tchebyscheff polynomial satisfying

T(x) =2+ (?) "2 (2% — 1) + <7Z> a2 —1)2 4
or alternatively,

Tm(x):%((a:—i- Vi 1)t (o - Va2 1))

We consider the family of hyperelliptic curves C,, defined by
Cn 3/2 = Pn(.%'),

which for n > 1 is evidently a curve of genus n — 1. A classical theorem of
Siegel implies that for each n > 2, there are only a finite number of integer
points (z,y) on C,,. Theorem 2.1 provides a much sharper result.

Corollary 2.2. For n > 1, the only integer points on C,, are (x,y) =
(1,41), and also if n = (s*> — 1)/2 for some integer s, the points (z,y) =
(0, £s).

It is worth noting that each P,(z) is an even polynomial, i.e. that
P,(y/x) is a polynomial, and moreover, that the problem of determining
all integer points on y? = P,(y/r ) remains unsolved, apart from certain
special cases. The interested reader is referred to Section 2.3 of [Walsh00]
for more on this problem, and its relation to quartic equations of the form
aX* —bY? =1, with a > 1 and nonsquare.
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3. Generalizations of a theorem of Ljunggren

Ljunggren’s work receives considerable coverage in the classical text
of MORDELL [Mordell69] on Diophantine equations, but perhaps his most
remarkable result covered in Mordell’s book appears as Theorem 9 on
p. 270 (for the original work, the reader is referred to [Ljung36]). The
theorem is stated in [Mordell69] as follows.

Theorem 3.1. The equation
X?—dy*t =1,

where d > 0 and is not a perfect square, has at most two solutions in
positive integers. Denote by a4 the fundamental unit in the ring of integers
of the quadratic field Q(v/d). If there are two solutions, these are given
by either

X +Y3d= ad,afl orby X +Y*/d= ad,aé,
the latter occurring for only a finite number of values of d.

There is evidently numerous ways in which one would wish to refine or
generalize this beautiful theorem. In this section we discuss various such
improvements, and their application to the resolution of certain parametric
families of Thue equations.

We first state a result which refines Theorem 3.1, and whose proof
makes use of Cohn’s aforementioned result on the equation X4 —dY? = 1.
We retain the notation from the previous section.

Proposition 3.1. Let b and d > 1 denote squarefree positive integers,
and Ty, + UpVd = elj for k > 1. There is at most one index k for which
U, = bX? for some integer X, except in the following two cases:

(i) Ty = 2t? and U, = by? for some integers t and vy, in which case
there is the second solution Uy = b(2ty)?.

(ii) T'= 169, in which case Uy and Uy are both squares for d = 1785.

This proposition suffers from the shortcoming that for a given inte-
ger b, it does not give explicit information on the index k for a solution of
the equation U, = bX?, which was an important aspect of Theorem 2.1.
Some progress along these lines was proved by MIGNOTTE and PETHO in
[MigPet93]. In particular, they proved the following.
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Theorem 3.2. Let d denote a nonsquare positive integer such that
eqg = T + u?Vd for some integers T and u. A solution to U, = bX? for
be {1,2,3,6}, with x € Z, implies k < 3, except only when T' = 169, in
which case k = 4.

The following represents a refinement of Theorem 3.1, and was proved
in [Walsh98] as a consequence of Theorem 2.1.

Theorem 3.3. Let d denote a nonsquare positive integer such that
eq = T + u2Vd for some integers T and u. Assume that U, = bX? for
some b € {1,2,3,5,6,10}, and x € Z. Then k < 2, except in the following
cases.

(i) T'= 169, in which case Uy is a square.
(ii) 3 divides u and 4T% — 1 = 3y? for some integer y, in which case
Us = 3(uy)?.
(iii) (b,d) = (5,24), in which case Uy =5 - 142,

A general result on the index k for solutions to Uy, = bX?, which would
be completely analogous to Theorem 2.1, remains elusive. Conjecture 1
in [Walsh98] provides what is almost certainly the correct statement, but
Theorem 2.1 can only be used to prove the following partial result. For
a given positive integer b, and sequence {Uy}, defined earlier, we let a(b)
denote the minimal index &k for which b divides Uy.

Theorem 3.4. If a(b) is even, then the only possible solution to Uy, =
bX?2, for some integer X, is k = a(b), except in the case that 2T% — 1 = v?
and TU = bu? for some integers u, v, in which case Uy = b(2uv)? = Usa(p)-

We now turn our attention to some refinements of Theorem 3.1 which
lead to the complete solution of certain quartic Thue equations that have
been considered in the work of Cusick [Cusick92], COHN [Cohn95], and
STROEKER [Stroeker89]. Once again the results obtained are made possible
by Theorem 2.1.

Let k denote a positive integer. In [Cusick92], CUSICK determined all
integer solutions to the family of Thue equations z* — ka?y? +y* = 1. This
was extended by COHN [Cohn95] to equations of the form 2% —kzy?+y* = ¢
for ¢ € {£1,£2, +4}, but with the assumption that k is odd for ¢ = 1
and ¢ = 4. The following refinement of Theorem 3.1, which appeared in



Bennett’s abc theorem 503

[Walsh99], is proved using Theorem 2.1, and this refinement yields Cohn’s
result without the extra assumption that & must be odd.

Theorem 3.5. Let d be a nonsquare positive integer. Then there are
at most two positive indices k for which U, = 2°X2, with X an integer
and § = 0 or 1, and if two such indices k1 < ko exist, then k1 = 1 and
ko = 2, unless d € {1785,7140,28560}, in which case the only solutions to
Up =29X? are k = 1,2, 4.

As a consequence of this theorem, we obtained in [Walsh99] the fol-
lowing complete solution to the cases left open by COHN in [Cohn95].

Corollary 3.1. Let k be an even positive integer.

1. The only solutions to x> — kxy? + y* = 1 in non-negative integers
(z,y) are (k,1),(1,0),(0,1), unless either k is a perfect square, in which
case there are also the solutions (1,vk), (k> —1,Vk), or k = 338 in which
there are the solutions (z,y) = (114243, 6214), (13051348805, 6214).

2. The equation x? —kxy?+y* = 4 has only the solution (z,y) = (2,0),
unless k = 2v? for some integer v, in which case there are also the solutions

(2,V2k), (2k% — 2,V/2k).

We finish off this section by exhibiting yet another application of The-
orem 2.1 to quartic Thue equations, which provides an improved com-
putational approach to solving a family of Thue equations considered by
STROEKER [Stroeker89)].

In [Stroeker89], STROEKER describes a method to solve Thue equations
of the form

X4 —2rX2y?2 syt =1.

This method is somewhat ad hoc, and in fact fails to work in many in-
stances, as the method requires that the coefficients r and s satisfy certain
congruence conditions, and moreover, the method requires that certain
technical conditions hold during the course of the algorithm. Using Theo-
rem 2.1, we can get around both of these issues completely, provide a much
simpler algorithm to solve any equation in the above family, and moreover,
the method will solve the more general family of equations

X2 _9rXY?2 —sY*=1.
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The main point to be raised here is that in Theorem 3.1, Ljunggren
needs to make the assumption that two solutions exist in order to get
information on the indices corresponding to these solutions. The main
point of the following refinement of Theorem 3.1 is to pin down where a
solution can occur in the case that only one solution exists. As mentioned
earlier, the proof uses Theorem 2.1, but also more recent work of the F.
Luca and author [LucaWal01]. The result appears in [Walsh02].

In what follows, let r, s be the integers, and D = 12 + s.

Theorem 3.6. 1. There are at most two positive integer solutions
(X,Y) to X2 — DY* = 1. If two solutions Y; < Ys exist, then Y = Uy
and Y22 = Us, except only if D = 1785 or D = 16 - 1785, in which case
Y? = U1 and }/22 = U4.

2. If only one positive integer solution (X,Y) to X2 — DY* = 1 exists,
then Y2 = U; where U; = lv? for some squarefree integer I, and either
l=1,1=2, orl = p for some prime p =3 (mod 4).

Using this result, one can solve any Thue equation X2 — 2rXY?2—
sY* =1 as follows. First, put D = 72 + s, and if D > 0 and not a square
(or otherwise the problem is trivial), compute ep = T + U+/D, which is
the minimal solution to X? — DY? = 1. Factor U into the form U = [ - y?
with [ squarefree, and then simply check whether any of U = Uy, Us, U
are squares. To exhibit the usefulness of this result, Stroeker’s approach
breaks down in particular case r = —1, s = 2. Using our approach, we see
that D = 3, ep = 2+ /3, and the only squares are U; = 1 and U, = 4,
which shows that (X,Y) = (1,1) is the only positive integer solution to
XZ42XY?2—2vi=1.

4. On the equation X2 — dY? = +1

In [Cohn91], COHN investigated the solvability of the Diophantine
equation
3 — Ny? = +1.

Improving upon previous work of STROEKER [Stroeker76], Cohn proved
the following theorem.
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Theorem 4.1. Let N denote a squarefree positive integer with no
prime factor of the form 3k + 1. Then the equation 2® — Ny?> = 1 has
no solutions in positive integers, and the equation 3 — Ny?> = —1 has no
solutions in positive integers, unless N € {1,2}, in which case (N, z,y) =
(1,2,3) and (N, z,y) = (2,23, 78) are the only solutions.

The interesting case in this theorem arises when the respective irre-
ducible quadratic factors take on values of the form 322, for otherwise the
result is an immediate consequence of quadratic reciprocity. Cohn deals
with this case in a very clever manner by determining all of the integer
solutions to the respective equations

2> +r4+1=32% 2—1=3Nw’

and
> —r+1=32% x+1=3Nuw?

which are equivalent respectively to
3N2w? + 3Nw? + 1 = 22

and
3N2w* —3Nw? +1 = 22,

We reformulate Cohn’s theorem in terms of these Diophantine equa-
tions as follows.

Theorem 4.2. If N is a squarefree integer not divisible by any prime
p=1 (mod 3), then the equation 3N?w* +3Nw? +1 = 22 has no positive
integer solutions (w, z), and the equation 3N?w* — 3Nw? + 1 = 22 has no
solutions in positive integers, unless N € {1,2}, in which case (N,w, z) =
(1,1,1) and (N, w, z) = (2,2,13) are the only solutions.

In [LucaWalsh01] Luca and the author proved a more general result
concerning integer points on a large class of elliptic curves, which includes
the particular curves considered by Cohn. In particular, using Theo-
rem 2.1, the following theorem was proved. If a positive integer n is of
the form n = ma? for some squarefree positive integer m and an integer a,
we refer to m as the squarefree class of n, and denote it by m = (n).
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Theorem 4.3. Let d be a positive integer with d = 3 (mod 4), and
let eg =T+ U+v/d > 1 denote the minimal solution to X? —dY? = 1, with
the assumption that T is even. For a squarefree positive integer N which
is not divisible by any odd prime p with (—d/p) = 1, the Diophantine
equation

dN?*w* + dUNw? + (T/2)? = 2*

has no solutions in positive integers (w, z), and the Diophantine equation
dN*w* — dUNw? + (T/2)? = 22

has no solutions in positive integers (w, z), except only if N = (U), in

which case
(w,z) = <\/Z,T/2>

is the only solution, and N = (2U), in which case

(w, z) = (T\/? (T/2)(41? — 3))

is the only solution.

We remark that the special case of d = 3 in this theorem is precisely
the case proved by Cohn. Also, if the value d in this theorem is prime,
then T is even, thereby removed this condition from the hypothesis given
in the theorem.

5. Near squares in linear recurrences

Let r, s, Uy, Uy denote integers. The relation
Un+1 = rUn - SUn—l

defines a binary linear recurrence sequence {U,} for n > 1. For a poly-
nomial P(z) of degree at least two with integer coefficients, Nemes and
Petho6 described necessary conditions for the general equation

U, = P(x)
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to have infinitely many solutions in integers (n,z). In the particular case
P(x) = ba?, for b > 1, precise results on the solutions of this equation have
been obtained by many individuals. In the more general case that P(x)
is an arbitrary quadratic polynomial, and the sequence in question is of
Lucas—Lehmer type, there exist methods to determine all solutions. The
method of BAKER [Baker69] provides an explicit upper bound for the size
of solutions to U, = P(z). In [Tzanakis96], TZANAKIS describes an algo-
rithmic approach to determine all solutions to U,, = P(x). It is our interest
to determine families of such equations for which one can make explicit
statements of solvability. In the present paper we consider the particular
case that P(x) = cx? — 1 for an even positive integer ¢, and for which the
linear recurrence sequence above is given by (r,s,Up,U1) = (27,1,0,1),
for some positive integer 7" > 1. Similar problems were considered by
ROBBINS in [Robbins81].

Let T > 1 denote a positive integer, and define « = T+ /T2 — 1. For
n > 1, define sequences {7,,} and {U,} by

o =T, +U,/T? — 1.

Also, for i > 1, define sequences {p;}, {q;} by
pit+avV2=(1+V2)".

Employing a technique of LIUNGGREN’s in [Ljung36], developed further in
work of COHN [Cohn98], together with Theorem 2.1, the following result
was proved in [Walsh03].

Theorem 5.1. (i) If (T,c¢) = (q2i+1,2) for some i > 1, then the
equation
U, =cz’+1

has only the two positive integer solutions (n,z) = (1,1), (3, p2it+1)-

(ii) If (T, ¢) is any other pair of positive integers for which T' > 1 and
c is even, then the equation

U, =cz’>+1

has only one solution in positive integers (n,x), and if a solution exists,
then n < c.
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6. Schaffer’s equation
E. LUCAS [Lucas1877] studied the diophantine equation
P =12 4+22 4422,

and it was G. N. WATSON [Watson1918] who later correctly proved that
the only positive integer solutions are © = y = 1 and z = 24,y = 70.
SCHAFFER [Schéffer56] furthered this work by studying the more general
equation

yl =15 428 4. 4ok,

The main result of this work was a proof that the only positive integers
(k,q > 1) for which this equation has infinitely many solutions are (k, q) €

{(1,2),(3,2),(3,4),(5,2)}.

Schaffer also made the following conjecture.

Conjecture 6.1. Let k and q > 1 be positive integers, with (k,q)
not in the above list. Then apart from the solution (x,y) = (24,70) when
k = q = 2, the only solution is the trivial solution x =y = 1.

In recent years there have been numerous papers on this topic, most
notably by BELA BRINDZA (see [Brindza84| or [Brindza90] for example).
The interested reader may wish to refer to the notes at the end of Chap-
ter 10 in [ShoreyTijdeman86].

In a recent paper [BrindzaPintér2000], BRINDZA and PINTER proved
the following

Theorem 6.1. For k > 2 even, the equation
=142k . (- 1)F

has at most max{cy, 9%} solutions in integers x and y, where c1 is an
effectively computable absolute constant.

Although this theorem does not prove Schéffer’s conjecture, its proof
provides a methodology for finding all integer solutions to the equation
y?=1%+2F 4 ... 4 (z — 1)¥ for fixed even integers k. In particular, this
was the goal in [Pintér2001], wherein Pintér found all solutions to this
equation for k € {2,4,6,8,10,14}.
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Pintér’s approach is to reduce the problem of finding all integer solu-
tions to y? = 1¥ + 2% ... 4+ 2, for a fixed even integer k, to the problem
of determining all integer points on a small collection of elliptic curves of
the form Z3 — Z = aW?, where a takes on finitely many values which
depending entirely on k. This can effectively be done using the techniques
in [Gebel94], but the problem that arises in this approach is the enor-
mous amount of time it can take to determine explicitly a basis for the
Mordell-Weil group of each curve.

An alternative approach is to represent each collection of elliptic curves
73 — 7 = aW?, for a fixed value k, as a collection of elliptic curves written
in the form v2X* — dY? = 1. It is straightforward to see that this can be
done, and that integer points are preserved by this transformation. Using
Theorem 2.1, one can then determine all integer points on each collection
of curves in a fairly straightforward manner by computing the minimal
solution to the Pell equation X2 — dY? = 1 for a number of values of d.
As a consequence of this reduction using Theorem 2.1, we improved upon
the aforementioned result of PINTER in [Jacobson03] as follows.

Theorem 6.2. For 2 < k < 58 and k even, the only positive integer
solution (x,7) to the equation y? = 1% +2F ...+ 2* is the trivial solution
(z,y) = (1,1), except in the case k = 2, for which there is the solution
(x,y) = (24,70).

Under the assumption of the Extended Riemann Hypothesis, the result
holds also for even values of k in the range 60 < k < 70.

We note that some more recent progress on Schéffer’s conjecture has
been made by BENNETT, GYORY, and PINTER in [BGP04], who have
shown that the conjecture is true in the case that k£ < 11 and ¢ arbitrary.
In [Pintér2004], PINTER has shown that the conjecture is true in the case
that & < 58 is even and ¢ arbitrary, and in [Pintér2004al, he has proved
that the conjecture holds in the case that k£ < 61 is odd and ¢ > 4 is even.
A survey paper by GYORY and PINTER on this progress can be found
in [GPO03].



510 P. G. Walsh

References

[Baker69] A.BAKER, Bounds for the solutions of the hyperelliptic equation, Proc. Camb.
Phil. Soc. 65 (1969), 439-44.

[Bennett98] M. A. BENNETT, On the number of solutions of simultaneous Pell equa-
tions, J. Reine Angew. Math. 498 (1998), 173-199.

[Bennett99] M. A. BENNETT, On consecutive integers of the form ax?, by? and cz?,
Acta Arith. 88 (1999), 363-370.

[BGP04] M. A. BENNETT, K. GYORY, and A. PINTER, On the Diophantine equation
18 4+ 2% ... 4 2% = y™, Comp. Math. (to appear).

[BenWal99] M. A. BENNETT and P. G. WALsH, The Diophantine equation
b2 X* —dY? =1, Proc. Amer. Math. Soc. 127 (1999), 3481-3491.

[Brindza84] B. BRINDZA, On some generalizations of the diophantine equation 1k 42k 4
<4 af =yF, Acta Arith. 44 (1984), 99-107.

[Brindza90] B. BRINDZA, Power value of the sum 17 4-2% 4. .. 4z Number Theory (Bu-
dapest 1987), Vol. 51, Colloq. Math. Soc. Janos Bolyai, North-Holland, Amsterdam,
1990, 595-603.

[BrindzaPintér2000] B. BRiNDZA and A. PINTER, On the number of solutions of the
equation 1% + 2% + ... 4 (z — 1)® = ¢*, Publ. Math. Debrecen 56 (2000), 271-277.

[Cohn91] J. H. E. ConN, The Diophantine equations 2* = Ny® £ 1, Quart. J. Math.
42 (1991), 27-30.

[Cohn95] J. H. E. CoHN, Twelve Diophantine equations, Arch. Math. 65 (1995),
130-133.

[Cohn97] J. H. E. Conn, The Diophantine equation ! — Dy®> = 1 II, Acta Arith. T8
(1997), 401-403.

Cohn98] J. H. E. ConN, The Diophantine system x> — 6y? = —5, x = 22% — 1, Scand.
Y
Math. 82 (1998), 161-164.

[Cusick92] T. W. Cusick, The diophantine equation z* — ka?y* 4+ y* = 1, Arch. Math.
59 (1992), 345-347.

[GP03] K. GYORY and A. PINTER, On the equation 1% +2F 4+ .. +zF = ¢™ Publ. Math.
Debrecen 62 (2003), 403-414.

[Gebel94] J. GEBEL, A. PETHO and H. ZIMMER, Computing integral points on elliptic
curves, Acta Arith. 68 (1994), 171-192.

[Jacobson03] M. J. JACOBSON, JR., A. PINTER and P. G. WALSH, A computational
approach for solving y? = 1% + 2F 4 ... 4 2%, Math. Comp. 72 (2003), 2099-2110.

[Ljung36] W. LJUNGGREN, Einige Eigenschaften der Einheiten reeller quadratischer und
reinbiquadratischer Zahl-Korper usw., Oslo Vid.-Akad. Skrifter 12 (1936).

[Ljung42] W. LJUNGGREN, Uber die Gleichung z* — Dy? = 1, Arch. Math. Naturv. 45
(1942).



Bennett’s abc theorem 511

[LucaWal01] F. Luca and P. G. WALSH, Squares in Lucas sequences with Diophantine
applications, Acta Arith. 100 (2001), 47-62.

[LucaWalsh01] F. Luca and P. G. WALSH, A generalization of a theorem of Cohn on
the equation z® — Ny? = +1, Rocky Mountain J. 31 (2001), 503-509.

[Lucas1877] E. Lucas, Solution de la question 1180, Nouv. Ann. Math. (2) 16 (1877),
429-432.

[MigPet93] M. MIGNOTTE and A. PETHO, Sur les carrés dans certaines suites de Lucas,
J. Théor. Nombres Bordeauz 5 (1993), 333-341.

[Mordell69] L. J. MORDELL, Diophantine Equations, Academic Press, New York, 1969.

[Pintér2001] A. PINTER, On a conjecture of Schéffer concerning the power values of
power sums, preprint, 2001.

[Pintér2004] A. PINTER, Resolution of special superelliptic equations of high degree,
manuscript, 2004.

[Pintér2004a] A. PINTER, On the power values of power sums, manuscript, 2004.

[Robbins81] N. RoBBINS, On Fibonacci and Lucas numbers of the forms w? — 1, w®+1,
Fibonacci Quart. 19 (1981), 369-373.

[Schiffer56] J. J. SCHAFFER, The equation 17 + 2P + 3P 4 ... + n? = m?, Acta Math.
95 (1956), 155-189.

[ShoreyTijdeman86] T. N. SHOREY and R. TIIDEMAN, Exponential Diophantine Equa-
tions, Cambridge University Press, New York, 1986.

[Stroeker76] R.J. STROEKER, On the Diophantine equation 2® — Dy? = 1, Nieuw. Arch.
Wisk. 24 (1976), 231-255.

[Stroeker89] R. J. STROEKER, On Diophantine equations of type z* —2az?y? —by* = 1,
Number Theory and Applications (R. A. Mollin, ed.), Vol. 265, NATO-ASI Series C,
Kluwer, Boston, 1989, 547-554.

[Tzanakis96] N. TZANAKIS, Solving elliptic Diophantine equations by estimating linear
forms in elliptic logarithms, Acta Arith. 75 (1996), 165-190.

[Walsh98] P. G. WaLsH, The Diophantine equation X2 — db®’Y* = 1, Acta Arith. 87
(1998), 179-188.

[Walsh99] P. G. WALSH, A note on a theorem of Ljunggren and the Diophantine equa-
tions z? — kxy® + y* = 1,4, Arch. Math. 73 (1999), 119-125.

[Walsh00] P. G. WaLsH, Diophantine equations of the form aX* — bY? = 1, Algebraic
Number Theory and Diophantine Analysis (F. Halter-Koch and R. Tichy, eds.),
Proceedings of the Int’l Conference held in Graz, Aug. 30 — Sept. 5, 1998., Walter
de Gruyter, Berlin — New York, 2000, 531-554.

[Walsh02] P. G. WALSH, An improved method for solving the family of Thue equations
X*—2rX?Y? — sY* = 1, Number Theory for the Millennium III (M. A. Bennett et
al., eds.), Proceedings of the Millennial Conference in Number Theory, UIUC, 2000,
A. K. Peters, Natick, MA, 2002, 375-383.



512 P. G. Walsh : Bennett’s abc theorem

[Walsh03] P. G. WALSH, Near squares in linear recurrence sequences, Glasnik Mat. 38
(2003), 11-18.

[Watson1918] G. N. WATSON, The problem of the square pyramid, Messenger of Math.
48 (1918), 1-22.

P. GARY WALSH

DEPARTMENT OF MATHEMATICS
UNIVERSITY OF OTTAWA

585 KING EDWARD ST., OTTAWA, ONTARIO
CANADA KI1N 6N5

E-mail: gwalsh@mathstat.uottawa.ca
URL: http://members.rogers.com/superprof

(Received April 2, 2004)



